Abstract. This paper contains a classification scheme and normal form results for fully non-linear C ∞ systems of two first order p.d.e.s for two functions of two variables. The approach, based on E. Cartan's theory of exterior differential systems, exploits, in the parabolic and hyperbolic cases, the invariant geometrical properties of the characteristic and focal systems. An existence theorem is also given for the initial value problem for C ∞ parabolic systems with completely integrable characteristics and non-focal Cauchy data.
1. Introduction. In this paper, we present a classification scheme and normal form results in the C ∞ category for fully non-linear systems of two firstorder partial differential equations (p.d.e.s) for two functions of two variables.
Our approach is based on E. Cartan's theory of exterior differential systems [Ca3] , [BC3G] , in the sense that we will systematically carry out our computations using differential forms and adapted moving coframes, in the spirit of E. Cartan's geometric (coordinate-free) approach of partial differential equations. In the analytic (C ω ) category, these p.d.e.s have been considered in Chapter VII of [BC3G] , within the framework of Cartan-Kähler theory and the characteristic variety for exterior differential systems. The classification we propose here is valid in the C ∞ case and is based on more elementary considerations. We shall only make use of certain Pfaffian systems invariantly associated to the given p.d.e. system, namely, the characteristic systems and their focal systems. The characteristic systems are generalizations to the fully non-linear case of the ones defined for quasilinear systems by Friedrichs and Courant [Fr] . The focal systems were first introduced in [Ga4] as a differential-geometric generalization to the case of Pfaffian systems of the classical construction of focal curves as envelopes of characteristic curves in the theory of first-order partial differential equations. These systems do more than simply provide a classification scheme. Indeed, there are many cases where simple geometric assumptions about the original system and the characteristic or focal systems are sufficient to characterize invariantly a single equivalence class of p.d.e.s or a stratum of equivalence classes with a simple normal form. This will be illustrated many times in this paper, where we will obtain these normal forms in a number of the non-generic branches of the classification. Our paper can thus be thought of as a natural sequel to [Ga4] for determined first-order systems in the plane, in which we now compute the characteristic and focal systems explicitly, investigate their possible configurations and establish the corresponding normal form results.
We have attempted to write this paper in a reasonably self-contained form, so as to make it accessible to an audience extending beyond the group of geometers interested in exterior differential systems. In Section 2, we recall the basic definitions and theorems from the theory of Pfaffian systems that we shall need for our classification. These are mostly elementary generalizations of classical results on the classification and normal forms for Pfaffian systems, such as the Frobenius theorem and the Goursat normal form [BC3G] . In Section 3, we begin by classifying, in a contact-invariant way, the p.d.e. systems under consideration into flat, parabolic, hyperbolic and elliptic types. Each of these types is then considered in turn and a classification scheme is presented. Normal form results are obtained whenever possible, i.e., in many of the non-generic branches. A detailed computation of the finer invariants of the generic branches would require the implementation of the full machinery of E. Cartan's method of equivalence [Ca1] , [Ga5] . As such, it would not be particularly enlightening since the corresponding normal forms, even if they could be obtained, would probably not be of any practical use if the system did not have additional symmetry or integrability properties. An analogous problem would be that of classifying all Riemannian metrics up to local diffeomorphisms. Without additional assumptions of a geometric nature, such as requiring that the metric be Einstein, or that it have a certain holonomy group, this would be a rather pointless exercise. Thus we have chosen to focus our attention instead on the non-generic branches, where the normal forms exhibit the richest array of features. We put the main emphasis on the case of flat and parabolic systems. Some normal form results are already available in the hyperbolic case, for systems which admit a maximum number of conservation laws [BGH] . We also illustrate the role played by the characteristic and focal systems in the analysis of the initial value problem by proving a smooth existence theorem for parabolic systems with completely integrable characteristics with non-focal Cauchy data. This is a variant of the existence theorem suggested by E. Cartan [Ca2] and established in [Ga2] for scalar second-order p.d.e.s in the plane.
2. Semi-basic Pfaffian systems and their focal systems. Our purpose in this section is to recall some basic definitions and results from the theory of Pfaffian systems. We refer the reader to [BC3G] for the proofs, unless otherwise indicated. These results will be used in Section 3 to establish some classification and normal form results for systems of two first-order partial differential equations for two functions of two variables.
Let M be a smooth (C ∞ ) n-dimensional manifold, let Ω p (M ) denote the C ∞ (M ; R)-module of smooth sections of the p th exterior power bundle Λ p (T * M ) and let Ω * (M ) be the direct sum
A Pfaffian system I is a submodule of Ω 1 (M ). Locally, I is thus generated by s ≤ n 1-forms,
We shall assume that the 1-forms ω a , 1 ≤ a ≤ s, are linearly independent and that s is constant. The integer s will be called the dimension of I. We shall write I = {ω 1 ,...,ω s } to denote the Pfaffian system generated by
When written out in local coordinates, the integral manifolds of I correspond to the solutions of a system of partial differential equations. Indeed, if the immersion f is given locally in a domain U of R p with coordinates u α ,
The simplest existence theorem for integral manifolds of a Pfaffian system is the Frobenius theorem:
Theorem 2.1 (Frobenius). Let I be a Pfaffian system generated by linearly independent 1-forms ω a , 1 ≤ a ≤ s, satisfying
In a neighborhood, there exist local coordinates (u 1 ,...,u n ) such that I is gener- There is a classical construction, due to E. Cartan, for obtaining a minimal set of coordinates in which to express the generators of a Pfaffian system. Let Char(I) denote the system of Cauchy characteristic vector fields of I, defined by (2.5)
The Cartan system of I, denoted by C(I), is the dual Pfaffian system defined by (2.6)
The class of a Pfaffian system is by definition the dimension of its Cartan system. It is easy to prove that the Cartan system C(I) of any Pfaffian system I is always completely integrable. The first integrals of C(I) provide the required minimal set of coordinates:
Theorem 2.2 (E. Cartan). Let I be a Pfaffian system of class r and let {w 1 ,...,w r } denote a set of first integrals of the Cartan system C(I). There exists a small neighborhood U with local coordinates (w 1 ,...,w r ; y r+1 ,...,y n ) such that I is generated in U by 1-forms in w 1 ,...,w r and their differentials.
The codimension of a Pfaffian system is defined to be its class minus its dimension.
An important structure that is invariantly associated with any Pfaffian system is its derived flag, which is defined as follows. The exterior derivative
will often write Λ r Ω 1 (M )/I as dI mod I. We define the first derived system I (1) of I to be the kernel of δ, which we assume to have constant dimension. We have, therefore, a short exact sequence of C ∞ (M ; R)-modules
We see that I (1) = I if and only if I is completely integrable. The quotient
I/I
(1) can thus be thought of as a measure of the degree to which I fails to be completely integrable. By iterating this construction, we obtain a flag of Pfaffian systems (2.8)
where
The flag (2.8) is called the derived flag of I. It stabilizes at the maximal completely integrable subsystem of I. It also has the property of being invariantly associated to I. Indeed, it follows from the commutativity of d and pull-backs that if f : M → M is a diffeomorphism and J is the Pfaffian system defined by
We have seen that the Frobenius Theorem 2.1 leads to a normal form in which the integral manifolds of a completely integrable Pfaffian system are manifest. There are similar normal form results which apply to Pfaffian systems which are not completely integrable, but whose structure equations are of a special type. We begin with the simplest such result, known as the solution to the Pfaff problem. Let I be a Pfaffian system generated by a single 1-form ω. The rank of I = {ω} is the integer r defined by
In what follows, we shall assume r to be constant.
Theorem 2.3 (The Pfaff problem). If rank {ω} = r, then class {ω} = 2r + 1 and there exist local coordinates (z, p 1 ,...,p r ,x 1 ,...,x r ,u 2r+2 ,...,u n ), possibly in a smaller neighborhood, such that
The local integral manifolds of I = {ω} thus depend on one arbitrary function of r variables and are parametrized by
We will make frequent use of a result which is slightly stronger than Theorem 2.3 and which can be thought of as the solution to a relative version of the Pfaff problem. where J = {ϑ 1 ,...,ϑ s } is completely integrable and the rank r of I = {ω} relative to J, defined by 
It is straightforward to verify that the proof of Theorem 2.3 as given in [BC3G] can be suitably modified to give a proof of Theorem 2.4.
The local integral manifolds of I now depend on one arbitrary function of r variables and s arbitrary constants. They are parametrized by z = f (x 1 ,...,x n ),
Another normal form result which we will use is the Goursat normal form, of which we present directly the relative version [GS] .
Theorem 2.5 (The relative Goursat normal form). Let I be an (r + s)-dimensional Pfaffian system of codimension two, given by (2.14)
where J = {ϑ 1 ,...,ϑ s } is completely integrable. Suppose that there exist 1-forms α and π such that α ≡ 0, π ≡ 0 mod I and such that the following structure equations are valid
. . . The derived flag of a system I satisfying the hypotheses of Theorem 2.5 is given by (2.17)
. . .
and thus stabilizes at the completely integrable system I (r) . The local integral manifolds of I depend on one arbitrary function of one variable and r arbitrary constants. They are parametrized as
The following result due to E. Cartan and Von Weber will be needed later in the paper. A proof of it is given in [Ga1] .
Theorem 2.5 (E. Cartan, Von Weber). Let I be an s-dimensional Pfaffian system such that
.. ,ϕ s−1 be generators for I (1) and α be a generator for a complement of
Let now π : B → M be a fibered manifold and let V (B) = kerπ * denote the subbundle of T B consisting of π-vertical tangent vectors. For applications to partial differential equations, we will only consider semi-basic Pfaffian systems, that is Pfaffian systems I on B such that
If J ⊂ I is a Pfaffian subsystem of a Pfaffian system I, then the system of Jcharacteristic vector fields of I, denoted by Char(I,dJ), is defined as follows,
The J-characteristic system of I, C(I,dJ), is then defined as the annihilator of Char(I,dJ), namely
This subspace is the minimal retracting subspace for the ideal generated by I in degree one and by dJ in degree two, that is the smallest subspace supporting generators for that ideal. Note that if J = I, then C(I,dJ) is the Cartan system for I. However, since C(I,dJ) is not usually completely integrable, it is not possible to "integrate" the minimal retracting property to include coefficient functions. Now let π : B −→ M be a fibered manifold and let V (B) = kerπ * , the subbundle of vertical vector fields. If J is a Pfaffian system on B, then the focal system J is the Pfaffian system F (J) on B defined by [Ga4] ,
⊥ . This is equivalent to having generators whose differentials consist only of differentials which lift from M .
If J is not semi-basic, then the construction is not interesting since F (J) either equals all 1-forms on B or if dim V (B) = 1, it equals all semi-basic forms on B. We see this by taking ω ∈ J, f ∈ C ∞ (B), then if X ∈ V (B),
Since the left hand term is in F (J), the first term on the right is in J and the last term on the right is in F (J), we see that if X, df = 0 and X, ω = 0, then df ∈ F (J). Since such X and f exist if J is not semi-basic and if dim V (B) ≥ 2, then df is arbitrary. If dim V (B) = 1, then X, df = 0 implies that df is basic and hence F (J) equals all semi-basic forms. Note also that if there is an X ∈ V (B) with X, ω = 0 for all ω ∈ J, then J ⊂ F (J). Finally, as opposed to J-characteristics, F (J) can not be computed on just a set of generators as one sees from the computations above.
In all applications to differential equations, we will have J ⊂ I, where I is the appropriate contact system. Since such an I is semi-basic, J is necessarily semi-basic.
Example. Let I = {ω 1 ,ω 2 } be a Pfaffian system on a manifold B, which satisfies the structure equations
with ω 1 ∧ ··· ∧ ω 6 = 0. Then, letting J = {ω 2 }, we have
Now by the independence of ω 6 , ω 5 , ω 2 , this means
and hence
for some particular choice of 1-forms satisfying the structure equations above. Then for X ∈ V (B),
and X dω 2 = − X, ω 6 ω 5 mod J. Since J is semi-basic, we have J ⊂ F (J) and hence
A concrete example, which is one of the normal forms to be established in Theorem 3.8, is given by the following. Consider, on the fibered manifold π : R 6 → R 4 : (x, y, z, w, p, n) → (x, y, z, w), the semi-basic Pfaffian system I generated by
so that C(I,dJ) = {dw − n dy, dp, dx, dz}, F(J) = {dy, dw}.
If J is semi-basic, then, by the standard homotopy formula for the Lie derivative, the focal system of J is the Pfaffian system obtained by Lie differentiation of J along the vector fields tangent to the fibers of π. The integral curves of F (J), called J-focal curves, can therefore be thought of as envelopes of integral curves of C(I,dJ), called J-characteristic curves.
It is straightforward to show that the focal system of J is a subsystem of the J-characteristic system,
This embedding also holds at the level of derived flags,
The geometry of the J-characteristic systems and J-focal systems for scalar second-order hyperbolic equations in the plane has been studied in detail in [GaK1] and [GaK2] , respectively.
Finally, let us recall the following lemma of exterior algebra due to E. Cartan [Ga2] , which will be useful in the rest of this paper.
Lemma (The Quadratic Lemma). Let V be a finite-dimensional real vector space, let ω 1 ,... ,ω s , π be linearly independent elements of V * and let Ω be an element of
3. Systems of two first-order partial differential equations for two functions of two variables-classification and normal forms. We shall consider systems (3.1)
of two first-order partial differential equations for maps (z, w) : R 2 → R 2 . Our goal is to classify these systems under contact transformations and to present normal forms for as many contact orbits as possible. We shall therefore focus our attention on the strata containing contact orbits which we can characterize in a contact-invariant way and for which we can present simple normal forms. The normal forms are summarized in tables given at the end of the paper.
The primary tools in our study will be the results on Pfaffian systems reviewed in Section 2 and the choice of adapted moving coframes. This is very much in the spirit of E. Cartan's method of equivalence [Ca1] , [Ga5] .
Our first step is to formulate the p.d.e. system (3.1) geometrically as a Pfaffian system. We consider the bundle J 1 (R 2 , R 2 ) of 1-jets of maps from R 2 to R 2 and use local coordinates (x, y, z, w, p, q, m, n) in which the Pfaffian system
We shall work locally and assume that the equations
corresponding to the p.d.e.s (3.1) give rise to a 6-dimensional submanifold i : Σ 6 → J 1 (R 2 , R 2 ) which fibers over the bundle J 0 (R 2 , R 2 ) of 0-jets, with local coordinates (x, y, z, w). 
In terms of local coordinates, this means that at least one of the jacobian determinants
is non-zero on the locus F = 0, G = 0.
We let now I denote the Pfaffian system on Σ 6 obtained by pulling back the contact system Ω 1 cont (R 2 , R 2 ). It is easily verified that ker π * ⊂ I ⊥ , so that I is semi-basic for π : Σ 6 → J 0 (R 2 , R 2 ). The solutions of (3.1) essentially correspond to the 2-dimensional integral manifolds of I. More precisely, these solutions are characterized geometrically [Ga2] as the integral manifolds σ : R 2 → Σ 6 of I, which are transversal to V (Σ 6 ).
Equivalently, if α :
: (x, y, z, w, p, q, m, n) → (x, y) denotes the source map, then the solutions of (3.1) are in bijective correspondence with the sections σ of α • i which satisfy σ * I = 0 and are transversal to V (Σ 6 ).
Given two systems of p.d.e.s of the form (3.1) to which there correspond Pfaffian systems I andĪ on manifolds Σ 6 andΣ 6 , we define an internal contact transformation to be a local diffeomorphism Φ : Σ 6 →Σ 6 such that Φ * Ī = I. This notion is generally distinct from that of an external contact transformation, that is local diffeomorphism Ψ :
2 ) of the ambient jet bundles which preserves the contact systems Ω 1 cont (R 2 , R 2 ) and satisfies Ψ i(Σ 6 ) =ī(Σ 6 ). Every external contact transformation gives rise to an internal one but the converse is not true for all systems of p.d.e.s. The two notions coincide notably for normal systems of p.d.e.s [AKO] , [GaK1] , but there exist systems admitting internal symmetries which do not arise from the restriction of external ones. The relationship between internal, external and generalized symmetries is studied in detail in [AKO] . Focal systems are invariant under external contact transformations. Indeed, it follows from Bäcklund's Theorem (see [O] , for example), that every external contact transformation of Σ 6 must be the prolongation of a local diffeomorphism of J 0 (R 2 , R 2 ), so that external contact transformations preserve the fibration π : Σ 6 → J 0 (R 2 , R 2 ). However, focal systems are generally not invariant under internal contact transformations, as we shall see in the example following Theorem 3.1. This will of course not preclude certain assumptions formulated in terms of focal systems from being invariant under internal contact transformations as will be seen in Corollary 3.2 and Theorem 3.7. In this paper, we shall only consider internal contact transformations, which are the type of transformations always considered by E. Cartan in his papers. We will simply refer to them as contact transformations.
We let
denote the generators of I.
Example. For the Cauchy-Riemann equations
and Σ 6 is a 6-dimensional hyperplane with global coordinates (x, y, z, w, m, n). The Pfaffian system I corresponding to the Cauchy-Riemann equations is generated by
Note that the Pfaffian system I defined by (3.4) is of codimension at most four since dim C(I) ≤ 6 and dim I = 2. It follows [Ga1] that there exists an intrinsic conformal symmetric C ∞ (Σ 6 ; R)-bilinear form · , · on I, defined by
where Vol Σ6 denotes any volume form on Σ 6 . The matrix of · , · may be computed in terms of the functions F and G appearing in (3.1). By taking the wedge product of (3.5) in J 1 (R 2 , R 2 ) with dF and dG, one obtains
The only invariants of · , · are its rank and index. We have, therefore, a first pointwise classification of (3.1) into the following four types The determinant of the matrix (3.6) can be written as
so that the classification of the type of · , · corresponds in the quasi-linear case to that of Friedrichs and Courant [FC] . We shall always work in open sets of Σ 6 where the type of the symmetric bilinear form · , · is constant. We can therefore choose, at least locally, generators π 1 and π 2 for I in which the matrix of · , · is in one of the Witt normal forms The maximal isotropic subspaces of I with respect to · , · define, in the hyperbolic and parabolic cases, subsystems of I which are invariantly associated to I. Thus in the hyperbolic case, we have two one-dimensional maximal isotropic subsystems (3.9)
while in the parabolic case we have a one-dimensional maximal isotropic subspace at each point giving rise to the maximal isotropic subspace
If we take J = M 1 , M 2 or N , then the J-characteristics generalize the Friedrichs characteristics from the case of quasilinear systems [Fr] to that of fully nonlinear systems. In honour of the original work of Friedrichs, we will call these generalizations by the same name.
Examples. The reader is referred to the table on page 14. 
A first set of structure equations for the Pfaffian systems of one of the types in the table can be readily obtained by choosing generators for I in which the matrix of · , · is in one of the Witt normal forms (3.8). Using (3.5) we obtain: Theorem 3.1.
Let I be a two-dimensional Pfaffian system on a sixdimensional manifold, whose associated conformal symmetric bilinear form · , · defined by (3.5) is of constant type on Σ 6 . There exist, at least locally, generators π 1 , π 2 for I and 1-forms ω 3 , ω 4 , ω 5 , ω 6 on Σ 6 such that the following structure equations are valid:
(i) Elliptic type:
(ii) Hyperbolic type:
(3.12)
(iii) Parabolic type:
(3.13)
(3.14)
(iv) Flat type:
The proof of Theorem 3.1 follows from the algebraic study of 2-forms modulo a subspace [Ga2] .
We note, in particular, that in every case except the flat one, π 1 , π 2 , ω 3 , ω 4 , ω 5 , ω 6 can be assumed to be linearly independent. We shall see below that the class of I must be exactly five in the flat case.
In the remainder of this paper, we shall only consider hyperbolic, parabolic and flat systems (3.1). The study of the elliptic case calls for the somewhat different theory of complex-valued Pfaffian systems and could, of course, also be performed.
We should make the general remark that the Pfaffian system I = i * Ω 1 cont (R 2 , R 2 ) corresponding to the p.d.e. system (3.1) is not the generic Pfaffian system of two equations in six variables. There will exist many more branches in the classification of the Pfaffian systems of two equations in six variables than in that of p.d.e. systems (3.1). We shall see below that a number of these additional branches can be ruled out by showing that these Pfaffian systems admit normal forms which are manifestly incompatible with a p.d.e. system of the form (3.1). The systems M 1 , M 2 , N , and their Friedrichs characteristic and focal systems will be essential tools in this analysis.
We should also remark at this stage that the proof of Lemma 3.5 of [GaK1] can be repeated mutatis mutandis to prove that for parabolic and hyperbolic systems, the image of every two dimensional-integral manifold σ : R 2 → Σ 6 admits a vector field in Char(I,dJ) as a tangent vector field, where J = N is the parabolic case and J = M 1 and M 2 in the hyperbolic case.
We can now give an example illustrating the fact that focal systems are in general not invariant under internal contact transformations.
Example. Consider the hyperbolic system given by
We have local coordinates (x, y, z, w, p, n) on Σ 6 and the structure equations (3.12) are valid with π 1 = dz − p dx − p 2 dy, π 2 = dw − n 2 dx − n dy, ω 3 = dp, ω 4 = dx + 2p dy,
The focal systems F ({π 1 }) and F ({π 2 }) are readily computed. We have
Observe that neither of the focal systems is completely integrable. Consider now the internal contact transformation given by,
Under this transformation, π 1 and π 2 get respectively mapped to
which correspond to the p.d.e. system
We have now the focal systems
which are both completely integrable, unlike F ({π 1 }) and F ({π 2 }). We now proceed to develop our classification scheme and to establish some normal form results. We begin with flat systems, for which we know from Theorem 3.1 that there exist generators π 1 , π 2 , such that the structure equations (3.15) are valid. It follows immediately from these structure equations that a flat system can be of class at most five. The following theorem shows that a flat system of class less than or equal to four cannot correspond to a p.d.e. system (3.1). Flat systems are thus characterized by the property that the class of I is five.
Theorem 3.2. There is no p.d.e. system (3.1) of flat type whose associated Pfaffian system I is of class less than or equal to four, i.e., such that
Proof. Consider the structure equations (3.15), where we assume that class I ≤ 4, or equivalently that π 1 ∧ π 2 ∧ ω 3 ∧ ω 4 ∧ ω 5 = 0. We have either class I = 2 or class I = 4.
If class I = 2, then the structure equations (3.15) become 
From Theorems 2.2 and 2.3, we see that the structure equations (3.17) lead to two subcases which are covered by either the ordinary or relative Pfaff problems. In the first subcase, I
(1) is completely integrable and we have coordinates such that It is overdetermined and again not of the type (3.1). In the second subcase, I
(1)
is not completely integrable and we have coordinates such that (3.21) I = {dz − w dx, dw − m dx}.
The corresponding p.d.e. system is given here by
which is again not of the type (3.1).
We now turn to the case of flat systems of maximal class (class five), for which we know that the structure equations (3.15) are valid with
This hypothesis implies that ω 3 must be semi-basic over the bundle of 0-jets J 0 (R 2 , R 2 ) with coordinates (x, y, z, w). Indeed, the identities
imply respectively that
Since π 1 ∧ π 2 ∧ ω 3 ∧ ω 4 ∧ ω 5 = 0, these two congruences imply that
as claimed.
We can now write our structure equations as
where the structure function A is a relative invariant, i.e., it gets scaled under a contact transformation. We now show that A must vanish identically. Indeed, let V be vertical, i.e., tangent to the fibers of Σ 6 . Then if ω 4 were semi-basic, we would have
and π 1 ∧ π 2 only involves the differentials dx, dy, dz, dw, we see that π 1 drops to J 0 (R 2 , R 2 ). As such there are local coordinates such that
This means that the system is p = 0, q = x, for which class {π 1 ,π 2 } equals six, a contradiction. The symmetrical argument with ω 5 shows that ω 4 and ω 5 can not be semi-basic and, therefore, the only way that
can hold is for A to vanish, since dω 3 has non semi-basic weight equal to one and Aω 4 ∧ ω 5 has non semi-basic weight equal to two. The following theorem shows that the flat systems of class five form a unique equivalence class with a particularly simple normal form. Proof. Since A = 0, the structure equations (3.23) imply that the Pfaffian system {π 1 ,π 2 ,ω 3 } is completely integrable. By the assumption that π 1 ∧ π 2 ∧ ω 3 = 0 and the Frobenius Theorem (2.1), there exist local coordinates
We thus can write
where B is a 2 × 3 matrix with a non-zero 2 × 2 minor. If we left-multiply (3.24) by the inverse of this 2 × 2 matrix and rename variables, we obtain
Example. Consider the system ∂z ∂x = f x, y, z, w, ∂z ∂y , ∂w ∂y , ∂w ∂x = g x, y, z, w, ∂z ∂y , ∂w ∂y , for which we have
The necessary and sufficient conditions for this system to be flat are given by
which imply respectively
The structure equations (3.15) are satisfied with
We have
But by the flatness conditions obtained above, we have
as required. This proves the following: It should be observed that the focal system F (I) is completely integrable and it factors through J 0 (R 2 , R 2 ), since
Using the adapted coordinates of Theorem 3.3, we see that the general solution of any p.d.e. system satisfying the hypotheses of the theorem is obtained by setting the two first integrals z, w of the completely integrable focal system F (I) as arbitrary functions of the third first integral y. Focal systems are thus useful tools for obtaining methods of explicit integration for systems of p.d.e.s of the form (3.1). Focal systems can also be used for explicit integration in the case of scalar second order hyperbolic equations in the plane [GaK2] . We now turn our attention to parabolic systems (3.1), for which we know by Theorem 3.1 that either the structure equations (3.13) or (3.14) are valid.
The case when I is completely integrable is immediately ruled out since · , · is rank 1. The first non-trivial case is thus given by (3.25) dim(I/I (1) ) = 1, which corresponds to a 1-dimensional first derived system. The structure equations (3.13) are thus valid and the integrability conditions for the flag configuration (3.25) imply that I (1) is aligned with the Friedrichs characteristic system
The assumption of parabolicity together with the Witt normal form (3.8) gives
The following theorem shows that the parabolic systems satisfying (3.25) belong to a unique equivalence class with a very simple normal form.
Theorem 3.4. Every p.d.e. system (3.1) of parabolic type whose associated Pfaffian system I has a one-dimensional first derived system can be locally transformed to the normal form
by a contact transformation.
Proof. The conditions (3.25) and (3.26) allow us to apply the Cartan-Von Weber Theorem (Theorem 2.5) to conclude that I
(1) = {π 1 } = N must be completely integrable. We can, therefore, apply the solution to the relative Pfaff problem (Theorem 2.4) to argue that there exist local coordinates (x, y, z, w, m, n) such that
We remark here that the focal system F (N ) is a one-dimensional completely integrable system F (N ) = {dz}.
The next class we consider is that of the generic parabolic systems, i.e., the parabolic systems whose associated Pfaffian system I has a trivial first derived system
The structure equations governing these systems are given by (3.14). There are two branches in the classification according to whether the class of the subsystem N = {π 1 } is equal to three or five. In the former case, we have a unique equivalence class with a simple normal form.
Theorem 3.5. Every p.d.e. system (3.1) of parabolic type whose associated Pfaffian system I and subsystem N satisfy the conditions (3.14), i.e.,
I
(1) = 0, class N = 3, can be locally transformed to the normal form
Proof. From Theorem 2.3, we know that the hypothesis class N = class {π 1 } = 3 implies that there exist, at least locally, functions
so that there exist, locally, functions v 1 , a 1 , a 2 , a 3 such that
or, after relabeling the coefficients of du 2 and du 3 ,
We can rewrite this last congruence as
since class {π 1 } = 3 and I (1) = 0. The claim follows by settingū 1 = z, u 2 = y,
One can give an alternate characterization of the parabolic systems satisfying the hypotheses of Theorem 3.5 in terms of the focal system of the subsystem N . We begin by observing that one can always choose ω 3 in the structure equations (3.14) to satisfy ω 3 ≡ 0 mod base, where by "mod base" we mean modulo the ideal of Ω * (Σ 6 ) generated by the pull-backs to Σ 6 of the 1-forms on J 0 (R 2 , R 2 ). (In local coordinates this ideal is generated by dx, dy, dz, dw.) Since π 1 ≡ 0 mod base, it follows from (3.14) that
for some functions a and b. If a = 0, we let
as claimed. The dπ 2 structure equation is preserved by lettinḡ
The reasoning is similar if a = 0. We now impose the condition class {π 1 } = 3. From the first of the structure equations (3.14), we obtain (3.27)
if and only if (3.28)
From (3.27) and (3.28) it follows that we can modify ω 3 and ω 4 by adding multiples of π 2 so as to achieve the congruence
with ω 3 ≡ 0 mod base. The focal system F (N ) is now readily computed; if Z is π-vertical, then
If, moreover, F (N ) is completely integrable, then the Frobenius condition
implies on account of the Quadratic Lemma of Section 2 that
so that class {π 1 } = 3. This gives the following result.
Corollary 3.2. Every p.d.e. system (3.1) of parabolic type whose associated Pfaffian system I and subsystem N satisfy the conditions
can be locally transformed to the normal form
One can give yet another characterization of the parabolic systems satisfying the hypotheses of Theorem 3.5 in terms of the Friedrichs-characteristic system C(I,dN), defined by (2.21) and (2.22). A straightforward calculation using the structure equations (3.14) and similar to the one carried out in the example following Theorem 2.5 shows that (3.29)
By expressing the integrability condition d 2 π 1 = 0 in (3.27), we obtain, using the structure equations (3.14), that
From (3.28), we know that class N = 3 if and only if α ≡ 0 mod {π 1 ,π 2 ,ω 3 ,ω 4 }, so that (3.30) then becomes
This shows that if I (1) = 0 and class N = 3, then the Friedrichs-characteristic system C(I,dN) = {π 1 ,π 2 ,ω 3 ,ω 4 } is completely integrable. The proof of the converse is equally straightforward. This leads to the following: Corollary 3.3. Every p.d.e. system (3.1) of parabolic type whose associated Pfaffian system I and Friedrichs characteristic system C(I,dN) satisfy
by a contact tranformation.
We note here that C (I,dN) is the same as the characteristic system M defined for this type of system in Chapter VII of [BC3G] and that the normal form of Corollary 3.3 is given there without proof.
The hypothesis that the Friedrichs-characteristic system C(I,dN) is completely integrable allows for an interesting application to the Cauchy problem for (3.1). In [Ca2] , E. Cartan indicated an existence theorem for solutions to the Cauchy problem for scalar parabolic second-order p.d.e.s in the plane whose characteristics are completely integrable. This theorem was proved by one of us in [Ga4] as an application of his method of solution of the Cauchy problem for C ∞ Pfaffian systems by means of k-stable vector fields [Ga3] , [GaK] . A similar theorem can be proved here for C ∞ parabolic first-order systems (3.1) with completely integrable characteristics.
We make the preliminary observation that ω 3 and ω 6 can be chosen so that
Indeed, we have already established that ω 3 can be picked so that ω 3 ≡ 0 mod base. We only have to check that we can choose ω 6 ≡ 0 mod base. Since π 2 ≡ 0 mod base, it follows from the structure equations (3.14) that we have ω 4 ∧ ω 6 ≡ 0 mod base, and hence there exist functions a and b such that aω 4 + bω 6 ≡ 0 mod base.
We necessarily have b = 0 by Theorem 3.5. Now, we choosē
and the result is established.
Theorem 3.6. Consider a system (3.1) of parabolic type whose associated Pfaffian system I and Friedrichs characteristic system satisfy
If ϑ : (a, b) ⊂ R → Σ 6 is a one-to-one smooth map defining non-focal Cauchy data for I, meaning that
then there exists locally a solution of (3.1) extending ϑ, that is a one-to-one smooth map σ :
Proof. There is no loss of generality in assuming that the Cauchy data are extended by the flow of a vector field X defined on Σ 6 , in other words that
where the right-hand side denotes the point at time t on the integral curve of X which started from ϑ(u) at time zero. We now recall from [Ga3] and [GaK] that the necessary and sufficient condition on X for σ to satisfy σ * I = 0 is given in two parts. First we need that X be k-stable, meaning that X ∈ I ⊥ is transversal to the Cauchy data and that the Pfaffian systems D p X (I), p ≥ 0, defined by
Secondly, the Cauchy data must satisfy
We prove the theorem by showing that under our assumptions, there always exists a 1-stable vector field X. Our starting point is, therefore, that the parabolic structure equations (3.14) are valid and that the Friedrichs-characteristic system C(I,dN) = {π 1 ,π 2 ,ω 3 ,ω 4 } is completely integrable. We choose a non-zero X ∈ Char(I,dN), which we normalize by letting X ω 5 = λ, X ω 6 = 1, With this lemma at hand, we can start computing the focal system F (N ). The fibers of π : Σ 6 → J 0 (R 2 , R 2 ) are 2-dimensional and from (3.32) we have V (Σ 6 ) ⊥ = {π 1 ,π 2 ,ω 3 ,ω 6 }.
If Z 1 and Z 2 are linearly independent vector fields tangent to the fibers of π, we have from (3.31), We now examine the possibilities for the derived flag of F (N ). First of all, F (N ) cannot be completely integrable. Indeed, if that were the case, then the Frobenius condition dπ 1 ∧ π 1 ∧ ω 3 = 0, which is equivalent by (3.33) to a 6 = 0, would imply, using the Quadratic Lemma of Section 2, that (dπ 1 ) 2 ∧ π 1 = 0 so that class {π 1 } = class N would be strictly less than five, in contradiction with our assumption. Therefore, we have a 6 = 0 and the only possibilities are F (N )
(1) = {ω 3 }, whereω 3 is obtained from ω 3 by a suitable translation in the π 1 direction, or F (N ) (1) = 0. (We shall commit our usual abuse of notation and drop overbars from now on.) In the former case, the class of F (N ) (1) = {ω 3 } can be at most equal to three. This follows from applying the Quadratic Lemma to the condition dω 3 ∧ π 1 ∧ ω 3 = 0 to obtain (dω 3 ) 2 ∧ ω 3 = 0. We therefore have either class F (N ) (1) = 1 or class F (N ) (1) = 3. The first case does not correspond to a single orbit but rather to a whole stratum for which we can construct a family of normal forms.
But then dπ
1 ≡ a 6 ω 6 ∧ π 2 mod π 1 , ω 3 gives a 6 ω 6 ∧ π 2 ∧ dv 1 ∧ dv 2 ∧ dv 3 = 0.
This implies, since a 6 = 0, that all of π 1 , π 2 , ω 3 , ω 6 are expressible as linear combinations of dv 1 , dv 2 , dv 3 , and hence are not independent, giving a contradiction.
The remaining case, namely class F (N ) (1) = 0, does not admit a normal form which we can identify.
The next case is when rank Λ = 2, in which case a 5 = 0 and the focal system is three-dimensional,
We have the structure equations for F (N ) given by
so that the first derived system of F (N ) is one-dimensional,
F (N )
(1) = {π 1 } since a 5 = 0. Again no normal form results are known here. We now turn briefly to the hyperbolic case, for which we have the structure equations (3.12) and the subsystems M 1 = {π 1 }, M 2 = {π 2 }. If I corresponds to a p.d.e. system (3.1), then we necessarily have class M i ≥ 3, otherwise the p.d.e. system would be overdetermined. The following theorem shows that the case where both M 1 and M 2 have class three corresponds to a single contact orbit, with a normal form given by the "anti" Cauchy-Riemann equations. (We refer the reader to [BGH] for other normal form results based on hypotheses of Darboux integrability.) Theorem 3.8. Every p.d.e. system (3.1) of hyperbolic type whose subsystems M 1 = {π 1 } and M 2 = {π 2 } are both of class three is locally equivalent to 
